In the absence of flow, the biased random walk of bacteria such as Escherichia coli is modeled by straight runs punctuated by random changes in direction, tumbles. We model chemotaxis by allowing the tumble rate of a run to depend on the component of swimming velocity in the direction of the chemoattractant gradient. In the well-studied situation of weak bias in tumble rate, bacteria disperse over a diffusive time scale, and the evolution of density satisfies the classic Keller-Segel advection-diffusion equation. In this paper, we model swimming bacteria being advected and rotated by an unbounded homogeneous shear flow. The flow field alters the trajectories of individuals and thus affects the macroscopic dispersion of a population. We adapt the formal framework of generalized Taylor dispersion theory to make it applicable for run-and-tumble bacteria with an arbitrary bias in tumble rate. This enables us to obtain a macroscopic description of the dispersion of bacteria. For the particular case of simple shear flow, we calculate explicitly the effect of flow on the diffusion tensor and mean swimming velocity.
I. INTRODUCTION
Free swimming bacteria exist in most naturally occurring aqueous environments, from the intestines of vertebrates to the open ocean. Biological oceanographers recognize that bacterial populations form a significant component of plankton ecology, 1 so it will be important to discover how they behave in a ͑weakly͒ turbulent, sheared environment. In the laboratory, suspensions of bacteria ͑notably Bacillus subtilis͒ form fascinating bioconvection patterns in which there is a strong interaction between the swimming, chemotactic bacteria and the ambient fluid motion. 2 Mathematical modeling of such bioconvection ͑e.g., Hillesdon and Pedley 3 ͒ will not be complete without a thorough understanding of that interaction. Bacteria are also extensively present as biofilms: Bacterial populations adherent to each other and/or to surfaces of interfaces. 4 To understand the formation and degradation of such communities in the presence of a fluid flow, it is necessary to model how free swimming bacteria in the region around the biofilm disperse.
Bacteria such as Escherichia coli undergo a biased random walk which enables them to respond to chemical signals, a process called chemotaxis. The random walk consists of straight runs punctuated by random changes in direction, tumbles. In the absence of chemoattractant, runs are exponentially distributed, and so we can define to be the tumble rate of a run. We model chemotaxis by allowing to be a function of the component of swimming velocity in the direction of the chemoattractant gradient. This allows runs which are up the gradient to be on average longer than runs down the gradient, and thus the random walk can be biased. This model of run-and-tumble chemotaxis has been discussed extensively in the literature: see for example Berg, 5 Othmer et al., 6 Hillen and Othmer. 7 Responses to shear in the ambient flow ͑including rotation͒ have previously been incorporated in a model for suspensions of algae undergoing gyrotaxis. Gyrotaxis is a process by which the preferred orientation of a bottom-heavy cell is determined by a balance between the viscous torque exerted by the local rotation of the fluid and the gravitational torque resulting from the asymmetric distribution of mass. Pedley and Kessler 8 predicted that an ambient flow not only advects the algae but also leads to anisotropic diffusion and altered mean swimming velocity in the advection-diffusion equation for the algal density. Recent work by Hill and Bees 9 demonstrates that the calculation of Pedley and Kessler 8 is only valid for weak flows. Hill and Bees 9 recalculate the macroscopic dispersion of gyrotactic algae for homogeneous flows of arbitrary Péclet number, by applying the formal framework of generalized Taylor dispersion. 10 We wish to investigate how the effect of ambient fluid motions affects the dispersion of bacteria. In this paper we adapt the generalized Taylor dispersion method to derive macroscopic equations for a population of run-and-tumble bacteria. We restrict attention to the special case of homogeneous shear flow and constant chemoattractant concentration gradient. In Sec. II we establish the model for run-andtumble chemotactic bacteria and extend the formal method of generalized Taylor dispersion to such bacteria to obtain a macroscopic description of the dispersion in a homogeneous shear flow. In Sec. III we consider simple linear shear flow. We demonstrate that bacteria undergoing chemotaxis disperse according to an advection-diffusion equation. We calculate explicitly the mean swimming velocity and the diffusion tensor for linear and weakly nonlinear chemotactic response. Finally in Sec. IV we consider a simple model of biofilm recruitment as an example application of the theoretical results derived in this paper.
II. FORMULATION OF THE GENERALIZED TAYLOR DISPERSION PROBLEM

A. Governing equations
Our starting point is a governing equation for P (R,p,t͉RЈ,pЈ) , the probability of finding a swimming cell ͑bacterium͒ at position R with swimming direction p at time tϾ0, given that it was at position RЈ with orientation pЈ at time tϭ0
͵ ͑p 1 ͒P͑ p 1 ͒dp 1 ϭ0.
͑1͒
The second term is due to advection by the flow at velocity V and bacterial swimming at a constant speed V s ; the third term is due to reorientation by the ambient flow; the fourth term represents bacteria that stop moving in direction p due to tumbling, while the fifth term represents bacteria that start moving in direction p having tumbled. For mathematical simplicity, we have assumed that tumbles reorientate the cells isotropically. Swimming cells are assumed to act independently: the suspension is sufficiently dilute that cell-cell interactions can be neglected. To investigate the simplest effect of reorientation by the flow, we suppose the bacteria are small rigid spheres, and so rotate at the local angular velocity of the flow
where ⍀ is the vorticity. The bias in motion comes in through the tumble rate, , which we allow to be a function of the component of swimming velocity in the direction of the chemoattractant gradient, ٌC.p.
B. Generalized Taylor dispersion
The formal method termed generalized Taylor dispersion, 10 allows one to obtain a purely physical space description for certain more detailed ''local'' transport process. Hill and Bees 9 have directly applied this method to the problem of gyrotactic algae, for which Eq. ͑1͒ is replaced by
The key difference between the model of run-and-tumble bacteria and that proposed for gyrotactic algae 9 is the random reorientation mechanism. For run-and-tumble motion, changes in direction come about as discrete ''jumps'' rather than a process analogous to Brownian rotational diffusion. This is represented mathematically by an integral for tumble reorientation in Eq. ͑1͒ instead of the diffusion term seen in Eq. ͑3͒. A further difference between this model and that discussed by Hill and Bees 9 for gyrotactic algae is how the bias in the random walk is included. For the gyrotactic algae, there was a contribution to ṗ due to gravity, whereas for run-and-tumble motion this reorientation term is just due to the flow. The chemotactic bias is included through variation in the tumble rate.
Hill and Bees 9 make use of the work of Frankel and Brenner 10 to show that under certain conditions, after sufficient time, the total number density, P ϭ͐ Pdp, satisfies an advection-diffusion equation
The advection and diffusion coefficients, Ū and D depend on reorientation by the flow and gravity ͑represented by the reorientation rate, ṗ ), and random swimming ͑characterized by the swimming speed V s and the rotational diffusion coefficient, d r ).
For run-and-tumble random walks, we cannot simply apply the results of generalized Taylor dispersion to Eq. ͑1͒, because reorientation in local p space is not represented by a diffusion term. However, under certain restrictions we will demonstrate how the method can be applied to run-andtumble bacteria.
Following Frankel and Brenner 10 we restrict attention to homogeneous shear flows, writing the fluid velocity as
V͑R͒ϭV͑RЈ͒ϩ͑RϪRЈ͒.G, ͑5͒
where G is the ͑constant͒ fluid velocity gradient. Furthermore, we restrict attention to flows for which the eigenvalues of G have zero real part: a linear combination of pure rotation and simple shear flow. This condition is needed so that advection by the fluid motion alone does not lead to exponentially rapid divergence of the position vector of adjacent material points. We will assume the fluid is incompressible. We will also assume that the chemoattractant gradient ͑and hence ) is homogeneous in physical space. We first make a coordinate transformation so that the coefficients of the governing equation are independent of the global variable R ͑physical space͒. We change variables so as to move to the codeformational reference frame:
where Ū will be defined later as the mean swimming velocity. Equation ͑1͒ transforms thus
͵ P
(1) dp 1 ϭ0. ͑7͒
In the transformed domain, P (1) contains no dependence upon RЈ, so that
Henceforth we shall omit the (1) superscript for notational simplicity.
We aim to obtain a long-time expression for P (R,t͉pЈ), the probability of finding a cell at a given physical position and a certain time. This requires averaging out the local direction p P ͑ R,t͉pЈ͒ϭ ͵ P͑R,p,t͉,pЈ͒dp.
͑9͒
Following Frankel and Brenner, 10 we consider the Fourier transform of P :
where M m , the total moments of P are given by
We further define the spatial moments of P
After many runs and tumbles have occurred, because both the shear strength and chemoattractant gradient are constant, we expect the distribution of swimming directions to tend to an homogeneous equilibrium distribution, f (p). Consider integrating Eq. ͑7͒ over all physical space. Provided that the density decays to zero in the far field, we obtain an equation for the first spatial moment, P 0 ϭ͐ PdR
͵ P 0 dp 1 ϭ0. ͑13͒
We decompose P 0 , the spatially averaged distribution of swimming directions
where f (p) satisfies the following equation:
͵ f dp 1 ϭ0,
͑15͒
and ⑀(p,t͉(pЈ) decays exponentially for times long compared to an average run duration. We also make the following definition of the mean swimming velocity:
͑16͒
To obtain a global description, following Frankel and Brenner, 10 we compute higher spatial moments of the governing equation:
͵ P m dp 1
where S denotes the symmetrization operator as defined by Shapiro and Brenner.
11
The key observation is that the zero order moment, P 0 can serve as the appropriate Green's function, as was the case for the derivation of generalized Taylor dispersion. That is to say, the higher order moments can be defined for runand-tumble bacteria as follows:
This is the same as defined by Frankel and Brenner 10 ͓Eq. ͑3.7͔͒ for the case when local translational diffusion in physical space ͑represented by D in that paper͒ is set to zero. From Eqs. ͑14͒ and ͑18͒, long-time asymptotic expansions for the higher order moments can be computed. 10 The leading order expression for P 1 is given by
where A(pЈ) and B(p) are defined thus
From Eq. ͑21͒ we note that the B field is required to satisfy the following normalization condition:
͑22͒
Note that the expression for B(p) given by Eq. ͑21͒ involves calculation of the remainder term ⑀(p,tϪt 1 ͉p 1 ) which we do not have an explicit expression for. However, following Frankel and Brenner 10 we substitute the asymptotic expression for P 1 , Eq. ͑19͒, into the problem defining P 1 , namely Eq. ͑17͒ with mϭ1, and on making use of the properties of f (p), Eq. ͑15͒, we obtain the following equation for B:
͑23͒
A physical interpretation of B(p) is not intuitive. However, Frankel and Brenner 10 show that B(p) is the long-time limit of the difference between the average position of the particle, given that its instantaneous orientation is p, and its average position averaged over all values of p.
The leading-order expression for P 2 is given by
where D(t) is defined as
The polyadic A(.) 2 (B) 2 is defined as
On applying the normalization condition, ͑22͒ we can simplify the expression for D given by Eq. ͑26͒
DϭV s ͵ S͓ f Bp͔dp.
͑28͒
From Eqs. ͑19͒ and ͑24͒, at leading order, the first two total moments are given by
In the absence of flow, Gϭ0, the mean square displacement, M 2 , is given by 2Dt. This is the expected value for a diffusion tensor D. Also note that as M 2 is positive definite by definition, D(t) must also be positive definite, at least in the long-time limit. From the expressions for the total moments, Frankel and Brenner 10 demonstrate that the leading-order asymptotic expression for P is given by
provided that the asymptotic behavior of D satisfies certain constraints, which are shown to be satisfied for plane shear flow. Provided D is positive definite, Eq. ͑31͒ is the solution to the following advection-diffusion equation in the original reference frame ͑i.e., prior to the codeformational transformation͒:
However, the expression for D given by Eq. ͑28͒ is not necessarily positive definite. In Sec. III we will show that D is not positive definite when the shear rate is greater than a critical value. This problem was recognized by Frankel and Brenner, 10 who obtained an alternative expression for the diffusion tensor which was guaranteed to be positive definite, and gave the same long-time expression for the macroscopic dispersion.
We require an alternative expression for the diffusion tensor, D , to be positive definite and to give rise to the true dispersion, D, in the long-time limit. We first write the B-field Eq. ͑23͒ in the form
where (•) denotes the long-time orientation space averaging ϭ ͵ f dp.
͑34͒
Summation of the equations resulting from pre-and postmultiplication of Eq. ͑33͒ by B and subtraction of
obtained from Eq. ͑15͒, yield
when use is made of the identity
Integrating Eq. ͑36͒ over orientation space in conjunction with the B field normalization condition, Eq. ͑22͒, and applying the divergence theorem we obtain
Writing the averages explicitly, D may alternatively be presented
which expression is evidently positive definite for , f Ͼ0.
Frankel and Brenner 10 demonstrate that for flows for which the eigenvalues of G have zero real part, the final integral on the right hand side of Eq. ͑38͒ is negligible in its contribution to D. We shall verify that D is positive definite and gives rise to the same dispersion as D in the following section.
III. SIMPLE LINEAR SHEAR FLOW
A. Linear tumble rate
As a specific example, we consider simple linear shear flow
VϭGyx, ͑41͒
where x is a unit vector in the x direction. We take spherical coordinates with ϭ0 along the z axis, so that the swimming direction is given by pϭ͑sin cos ,sin sin ,cos ͒. ͑42͒
The reorientation of the bacteria is thus given by the simple expression
For simplicity we will initially restrict attention to the situation where the bias in is sufficiently weak that we can linearize it about the average value. We take the chemoattractant gradient to be in the ŷ direction, and thus take the tumble rate to be
where we have incorporated the magnitude of the chemoattractant gradient into ␣. We can utilize the fact that ␣Ӷ1, which is a necessary assumption for the linear form of the stopping rate to be appropriate, to simplify the computation. We thus approximate f, the distribution of swimming directions, as
where we note that if there is no bias in stopping rate we expect an isotropic distribution. On expanding f 1 in spherical polars we can solve Eq. ͑15͒ to leading order in ␣ to obtain
where ⌫ϭG/2 0 , measures the angle through which a cell is rotated by the fluid during the course of a typical run. From Eqs. ͑46͒ and ͑16͒, we can calculate the mean swimming flux:
This agrees with previous work by the author. 12 We see that reorientation by the flow reduces the flux up the chemoattractant gradient, and introduces a net flux in the direction of the fluid velocity. To understand this qualitatively, consider the following argument: If a bacterium were initially to run up the gradient it would be rotated clockwise and so swim to the right, whereas if it initially ran down the gradient it would swim to the left because of clockwise rotation and it would run for a shorter time. The net effect of reorientation by the shear flow would be to cause a drift to the right.
To calculate the B field and subsequent expression for D, following Hill and Bees, 9 we make a change of variable
For the simple linear shear flow we are considering, from Eq. ͑23͒ we thus calculate that b satisfies the following equation:
where the mean swimming direction is thus defined: p ϭ͐ f pdp. From Eq. ͑28͒ we obtain the following expression for D as a function of b:
͑51͒
To compute b, we expand b in powers of the small parameter ␣
Recall that f ϭ1/4 at leading order, and hence pϭ0 at leading order. Also note that ͐bdpЈϭ0, from the normalization condition, Eq. ͑22͒. From Eq. ͑50͒, we thus obtain the following equation for b 0 :
As expected, in the absence of flow b 0 ϭp which results in isotropic diffusion. To calculate analytically the b field for arbitrary values of ⌫ we expand in spherical harmonics:
For later use, we make the following notational definitions:
This choice of expansion results in a simple form for the diffusion tensor. On inserting the expansion into the expression for the diffusion tensor, Eq. ͑51͒, we obtain the following expression for D which only depends on nϭ1 harmonic modes: 
Dϭ
ͭ 1, ͑ 1ϩ3⌫ 2 ͒Ϯ⌫͑ 1ϩ⌫ 2 ͒ ͑ 1ϩ⌫ 2 ͒ 2 ͮ .
͑63͒
The corresponding eigenvectors are given by e z ϭẑ,
The nonconstant eigenvalues are plotted in Fig. 1 . There are two opposing effects which cause the eigenvalues to alter with ⌫. Rotation by the flow reduces the mean length of each run, and thus reduces dispersion. However, the classical Taylor dispersion mechanism generates an initial increase in one of the eigenvalues: The interaction of swimming across streamlines and advection by the flow leads to enhanced dispersion in the direction of the flow.
Because D is symmetric, the eigenvectors are orthogonal for all values of ⌫. In the limit of ⌫ tending to zero, D represents the expected isotropic diffusion tensor, and the eigenvectors e ϩ and e Ϫ align with the straining and compressional axes of the flow respectively. As ⌫ increases from zero, the eigenvectors rotate clockwise.
To compute the dispersion, D(t), we first note that for simple shear flow e ϪGt ϭIϪGt, ͑64͒
and thus from Eq. ͑25͒ we have the following expression for D(t):
Choosing to nondimensionalize time on 1/ 0 , in the long time limit the eigenvalues of D*(t), which is defined as 
͑70͒
The dominant dispersion is in the direction of flow ͑the x direction͒, and it is caused by the interaction of swimming across streamlines and advection by the flow. We note that D(t) is positive definite for all values of ⌫ as required, even when D is no longer positive definite (⌫Ͼ⌫ crit ϳ2.8). To obtain an alternative expression for the diffusion tensor which is always positive definite and which gives rise to the same dispersion D(t) in the long-time limit recall equation, recall Eq. ͑39͒
In the absence of chemotaxis ͓ϭ 0 , f ϭ1/4, B ϭ(V s / 0 )b 0 ], making use of the normalization condition on B, Eq. ͑22͒, the alternative expression for the diffusion tensor, D , reduces to 
͑79͒
The nonconstant eigenvalues are plotted in Fig. 2 . Note that D is always positive definite. As expected, on computing D(t) explicitly, taking D as the diffusion tensor, we obtain the same expression as previously calculated with D.
Now we ask what the effect of chemotaxis is on D. From Eq. ͑50͒, the leading order correction to the b-field, b 1 , satisfies the following equation: ͵ sin sin b 0 dp 1
͵ f 1 pdp.
͑80͒
On expanding b 1 in spherical harmonics, in Appendix B we demonstrate that b 1 does not contain any nϭ1 modes. Thus on considering the expression for the diffusion tensor given by Eq. ͑56͒ we find that ͑weak͒ chemotaxis does not alter the diffusion tensor.
B. Nonlinear tumble rate
The results presented are in agreement with Othmer and Hillen 13 who have established that ͑in the absence of fluid shear͒ an asymptotically small perturbation in the tumble rate does not affect the diffusion tensor. The Taylor dispersion formalism is not restricted a priori to weak chemotaxis, so we here discuss briefly how the macroscopic dispersion is altered when the tumble rate, , is a nonlinear function of the component of swimming velocity in the direction of the chemoattractant gradient, ٌC.p. Experimental evidence of Brown and Berg, 14 demonstrates that a nonlinear response is observed in E. coli.
The results presented are not intuitive, and so to gain understanding, we will first calculate the dispersion in the no-flow case (⌫ϭ0). From Eqs. ͑15͒, ͑23͒, and ͑49͒, f and b satisfy the following equations:
with normalization conditions ͐ f dpϭ1,͐bdpϭ0. We see that f and b are thus given by the following expressions:
In theory, one can calculate f and b for an arbitrary choice of ͑homogeneous͒ . To gain insight, we calculate the macroscopic dispersion correct to O(␣ 2 ) for when takes the following simple nonlinear form:
We first note that only enters the expressions for f and b via 1/ which is given correct to O(␣ 2 ) by
Nonlinear contributions to b are, therefore, via the nonlinearities in the governing equations and not through the quadratic term in .
We expand b in powers of ␣
On expanding in spherical harmonics, we obtain the following expression for the b i :
where Q n m ,S n m are defined by Eq. ͑55͒. We note agreement between these results and those calculated in the previous section in the limit ⌫ϭ0.
From Eq. ͑56͒, we obtain the following expression for the diffusion tensor correct to O(␣ 2 ):
͑90͒
First note that the diffusion tensor is anisotropic. Diffusion in the x and z directions is equal, but is greater than diffusion in the y direction. This is in agreement with the results of Hill and Bees. 9 In the absence of flow, the distribution of swimming directions is uniform in the x and z directions whereas it is peaked in the positive y direction due to the chemotactic bias. This peak in distribution results in reduced dispersion in the y direction.
We now consider the additional effect of flow. In theory, one can calculate f and B for an arbitrary choice of ͑homo-geneous͒ from Eqs. ͑15͒ and ͑23͒. However, in general these equations can only be solved numerically.
To gain insight, we assume is given by Eq. ͑85͒. We expand f and b in powers of ␣
where f 1 ,b 0 and b 1 were computed in Sec. III A. On expanding f 2 in spherical polars we can solve Eq. ͑15͒ to second order in ␣ to obtain
where the spherical harmonic functions, Q n m and S n m are defined by Eq. ͑55͒, and the coefficients A n m and B n m are given in Appendix C. Note that ͐ f 2 pdpϭ0 and so f 2 makes no contribution to the mean swimming velocity.
From Eqs. ͑23͒ and ͑49͒, b 2 satisfies the following equation:
The coefficients on the right-hand side of the equation were computed using maple and the orthogonality property of spherical harmonics. They are given in Appendix C. We expand b 2 in spherical harmonics
As was the case for computing b 1 , the nϭ1 modes of b 2 are identically zero except for the following set: 
͑97͒
The coefficients 13 0 and 12 1 are given in Appendix C and are plotted in Fig. 3 .
Recall in the no-flow, nonlinear case, the peaked distribution of swimming directions in the positive y direction resulted in reduced dispersion in the y direction. Also recall that the dominant dispersion mechanism in the presence of flow is the combination of swimming across streamlines ͑i.e., dispersion in the y direction͒ and advection by the flow. Therefore, as expected, 12 1 is a negative quantity, and thus for small ⌫, the dominant dispersion is reduced by strong chemotaxis. However as noted by Hill and Bees, 9 the distribution of swimming directions becomes less peaked as ⌫ increases, which results in 12 1 becoming less negative.
IV. EXAMPLE APPLICATION: RECRUITMENT TO BIOFILMS
As an example application of the theoretical results derived in this paper, we formulate a simple two-dimensional model for the recruitment of bacteria to a biofilm and investigate how shear affects recruitment.
We consider a thin boundary layer close to the biofilm, where flow can be approximated by simple shear flow. We suppose that bacteria undergo run-and-tumble motions in the vicinity of a biofilm, and that they are attracted to the developing biofilm by a chemoattractant exuded from the surface. We assume that the bacteria at the biofilm surface adhere at a specified rate. Making use of the results derived in this paper we obtain an advection-diffusion equation describing the evolution of cell distribution. We investigate the dispersion of an initial compact source of cells located a distance h from the surface. In particular we calculate the distribution of attached cells and compare three scenarios: ͑a͒ No flow, cells self-disperse; ͑b͒ add flow as additional advection but neglect the effect of rotation on self-dispersion of cells; ͑c͒ add flow and include the effect of rotation by the flow on the self-dispersion of cells. The geometry of the system is depicted in Fig. 4 .
Choosing to nondimensionalize time on 1/ 0 and length on h, the governing equation for cell density, P , is given by
where ␦ϭV s / 0 h, the ratio of typical run length to h. We take the nondimensional rate at which bacteria adhere to the surface to be 1. In the absence of flow, ⌫ϭ0, Ū ϭϪŷ and D is the identity matrix. Advection by the flow is included through the advection term 2⌫yx. In addition, the full effect of flow is included by taking Ū and D to be two-dimensional versions of the expressions derived in this paper
The alternative form of the diffusion tensor
gives the same long-time distribution. The distribution of both cells in the bulk and cells attached to surface yϭ0 was computed numerically. The normalized surface concentration of attached cells ͑number of cells per unit length divided by the initial number of cells released͒ is shown in Figs. 5͑a͒-5͑c͒ at tϭ40 . In comparing the cases of no-flow and simple advection, as expected, advection by the flow spreads the distribution of cells out in the direction of the flow. The fraction of attached cells in both cases is 0.4. However when the full effect of flow is included, the fraction of attached cells is reduced to 0.1. The effect of fluid rotation on cell trajectories greatly reduces the proportion of cells which attach to the biofilm surface.
V. CONCLUSIONS
The framework of generalized Taylor dispersion can be applied with slight modifications to chemotactic run-andtumble bacteria. On a timescale long compared to a typical run, the dispersion of bacteria in unbounded homogeneous shear flow can be described by an advection-diffusion equation in physical space. We have computed explicitly the advection and diffusion coefficients in the case of a simple linear shear flow and constant chemoattractant gradient perpendicular to the direction of flow. In the absence of flow, weak chemotaxis causes a mean swimming flux up the chemoattractant gradient, but does not alter the diffusion tensor. Rotation by the flow has the effect of altering both the mean swimming flux and the diffusion tensor. Furthermore, we have calculated that a weakly nonlinear chemotactic response alters the diffusion tensor. We have applied our results to a simple model of chemotactic biofilm recruitment in a shear flow to demonstrate that the effect of rotation can significantly affect the distribution of bacteria.
To enable this model to be more generally applicable, one should consider heterogeneous chemoattractant and velocity gradients. This may be feasible provided variation occurs on sufficiently long scales. In this paper it has been demonstrated how microscopic reorientation mechanisms can affect macroscopic dispersion in the presence of fluid flow. To model populations of microorganisms in natural fluid environments, it is therefore essential to have a clear understanding of swimming behavior. There have been a few attempts to directly track swimming microorganisms, [15] [16] [17] but more detailed data are needed in order to justify and validate the type of mathematical model proposed in this paper.
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APPENDIX A: COMPUTATION OF b 0
The coefficients in the expansion of b 0 are identically zero except for the following:
